Injectivity relative to closed submodules  by Mermut, Engin et al.
Journal of Algebra 321 (2009) 548–557Contents lists available at ScienceDirect
Journal of Algebra
www.elsevier.com/locate/jalgebra
Injectivity relative to closed submodules
Engin Mermut a, Catarina Santa-Clara b,c, Patrick F. Smith d,∗
a Dokuz Eylül Üniversitesi, Kaynaklar Yerles¸kesi, Fen-Edebiyat Fakültesi, Matematik Bölümü, 35160 Buca/Izmir, Turkey
b Departamento de Matemática, Faculdade de Ciências da Universidade de Lisboa, Campo Grande, 1749-016 Lisboa, Portugal
c Centro de Álgebra da Universidade de Lisboa, Avenida Professor Gama Pinto, 2, 1649-003 Lisboa, Portugal
d Department of Mathematics, University of Glasgow, Glasgow G12 8QW, Scotland, UK
a r t i c l e i n f o a b s t r a c t
Article history:
Received 5 February 2008
Available online 25 November 2008






Let R be a ring. An R-module X is called c-injective if, for every
closed submodule L of every R-module M , every homomorphism
from L to X lifts to M . It is proved that if R is a Dedekind domain
then an R-module X is c-injective if and only if X is isomorphic to
a direct product of homogeneous semisimple R-modules and in-
jective R-modules. It is also proved that a commutative Noetherian
domain R is Dedekind if and only if every simple R-module is c-
injective.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
We shall assume that all rings are associative with identity and all modules are unitary left mod-
ules. Let R be any ring. A submodule K of an R-module M is called closed (in M) provided K has no
proper essential extension in M . Clearly, every direct summand of M is closed in M . Moreover, if L is
any submodule of M then there exists, by Zorn’s Lemma, a submodule K of M maximal with respect
to the property that L is an essential submodule of K and in this case K is a closed submodule of M .
A module M is called an extending module if every closed submodule is a direct summand, and in
this case every submodule of M is essential in a direct summand of M . For the properties of closed
submodules and extending modules see [3] or [14].
Let M be any R-module. In [16] an R-module X is called M-c-injective provided, for every closed
submodule K of M , every homomorphism ϕ : K → X can be lifted to a homomorphism θ : M → X .
Moreover, X is called c-injective provided X is M-c-injective for every R-module M . Note that if
M is an extending module then every R-module is M-c-injective. It is proved in [17, Theorem 6] that
if R is a Dedekind domain and an R-module M is a direct product of simple R-modules then M is
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that if R is a Dedekind domain then an R-module X is c-injective if and only if there exists an R-
module Y such that Y is a direct product of simple R-modules and an injective R-module with the
property that X is isomorphic to a direct summand of Y . We then show that such a direct summand
is isomorphic to a direct product of homogeneous semisimple R-modules and injective R-modules.
For related material see also [2,18].
Let R be any ring and let E be any non-empty collection of ideals of R . Following [11], a sub-
module L of an R-module M is called E-pure in M provided L ∩ IM = I L for every ideal I in E (see
also [13]). We shall call an R-module X E-pure-injective provided, for every R-module M and every
E-pure submodule L of M , every homomorphism ϕ : L → X lifts to M . In particular, we shall be in-
terested in these concepts in the case E is the collection of left primitive ideals of R . We shall denote
the collection of left primitive ideals of R by P .
Recall that Honda [9, pp. 42–43] deﬁnes a submodule B of an Abelian group A to be neat provided
pB = B ∩ pA for all primes p (see also [5]). Thus a submodule B of a Z-module A is neat if and only
if B is a P-pure submodule of A (in our terminology).
We shall characterize c-injective modules over a Dedekind domain R by ﬁrst characterizing P-
pure-injective modules over a large class of rings and by then showing that for R the class of c-
injective modules is precisely the class of P-pure-injective modules. Finally we shall show that a
commutative Noetherian domain R is Dedekind if and only if every simple R-module is c-injective.
2. P-pure-injective modules
In this section, our aim is to characterize P-pure-injective R-modules for a large class of rings R .
We begin with the following elementary result which is included for completeness.
Lemma 2.1. Let K be a submodule of a module M, let X be a module and let ϕ : K → X be a homomorphism
such that K/kerϕ is a direct summand of the module M/kerϕ . Then ϕ can be lifted to a homomorphism
θ : M → X.
Proof. Let L = kerϕ . There exists a submodule H of M containing L such that M = K + H and K ∩
H = L. Deﬁne a mapping θ : M → X by θ(x + y) = ϕ(x) for all x ∈ K , y ∈ H . It is easy to check that
θ is well deﬁned and is a homomorphism which lifts ϕ to M . 
Corollary 2.2. Let R be any ring, let K be a submodule of an R-module M, let X be an R-module and let A be
an ideal of R such that AX = 0. If K/AK is a direct summand of the module M/AK then every homomorphism
ϕ : K → X can be lifted to M.
Proof. Let L = kerϕ . Then K/L embeds in X and hence A(K/L) = 0, i.e. AK ⊆ L. Since K/AK is a
direct summand of M/AK it follows that K/L is a direct summand of M/L. The result follows by
Lemma 2.1. 
Next we give a further consequence of Lemma 2.1.
Lemma 2.3. Let K be a submodule of a module M and let X be a semisimple module. Then the following
statements are equivalent.
(i) Every homomorphism ϕ : K → X can be lifted to a homomorphism θ : M → X.
(ii) K/L is a direct summand of M/L for every submodule L of K such that K/L is isomorphic to a submodule
of X .
Proof. (i) ⇒ (ii). Let L be any submodule of K such that K/L is isomorphic to a submodule Y of X
and let α : K/L → Y be an isomorphism. Note that Y is a direct summand of X . Let π : X → Y denote
the canonical projection. Consider the mapping λ : K → X deﬁned by λ(m) = α(m + L) for all m ∈ K .
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then ν(z) ∈ Y so that ν(z) = α(y + L) = λ(y) = ν(y), for some y in K . It follows that M = K + kerν .
In addition, K ∩ kerν = kerλ = L. Thus M/L = (K/L) ⊕ (kerν)/L.
(ii) ⇒ (i). By Lemma 2.1. 
Lemma 2.4. Let R be a ring and let S be an ideal of R such that the ring R/S is semiprime Artinian. Then the
following statements are equivalent for a submodule K of an R-module M.
(i) SK = K ∩ SM.
(ii) K/SK is a direct summand of the module M/SK .
(iii) For every (R/S)-module X, every homomorphism ϕ : K → X can be lifted to M.
(iv) Every R-homomorphism ϕ : K → R/S can be lifted to M.
(v) For every simple (R/S)-module U , every R-homomorphism ϕ : K → U can be lifted to M.
Proof. (i) ⇒ (ii). Because R/S is a semiprime Artinian ring, the module M/SM is semisimple and
hence there exists a submodule H of M containing SM such that
M/SM = [(K + SM)/SM]⊕ (H/SM).
Then (i) gives that M/SK = (K/SK ) ⊕ (H/SK ).
(ii) ⇒ (iii). By Corollary 2.2.
(iii) ⇒ (iv). Clear.
(iv) ⇒ (v). Clear because R/S being semiprime Artinian gives that every simple (R/S)-module is
a direct summand of R/S .
(v) ⇒ (i). Suppose that SK 	= K ∩ SM . Because R/S is semiprime Artinian, the module K/SK is
semisimple and hence there exists a proper submodule T of K containing SK such that
K/SK = [(K ∩ SM)/SK ]⊕ (T /SK ).
Because K/T is a non-zero (R/S)-module, there exists a maximal submodule N of K containing T .
Note that K/N is a simple (R/S)-module. Let α : K → K/N denote the canonical projection with
kernel N . By hypothesis α can be lifted to a non-zero homomorphism β : M → K/N . Let H = kerβ .
Note that M/H ∼= K/N so that H is a maximal submodule of M . Note further that H ∩ K = kerα = N .
Thus K  H and hence M = H + K . Now SM ⊆ H and hence K ∩ SM ⊆ K ∩ H = N . But K = (K ∩
SM) + T ⊆ N , so that K = N , a contradiction. Thus SK = K ∩ SM . 
A module M will be called a homogeneous semisimple module provided there exists a simple mod-
ule U such that M is isomorphic to a direct sum of copies of U .
Corollary 2.5. Let R be a ring and let U be a homogeneous semisimple R-module with annihilator P in R such
that the ring R/P is (simple) Artinian. Then the following statements are equivalent for a submodule K of an
R-module M.
(i) P K = K ∩ PM.
(ii) Every homomorphism ϕ : K → U can be lifted to M.
Proof. By Lemma 2.4. 
In view of Corollary 2.5 we are interested in rings R such that R/P is an Artinian ring for every
left primitive ideal P of R . Commutative rings clearly have this property. More generally rings sat-
isfying a polynomial identity also satisfy this property by a theorem of Kaplansky (see, for example,
[12, Theorem 13.3.8]). Recall that a ring R is called left fully bounded provided, for each prime homo-
morphic image of R , every essential left ideal contains a non-zero two-sided ideal. Recall further that
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that if R is a left FBN ring then R/P is an Artinian ring for every left primitive ideal P of R (see, for
example, [7, Proposition 8.4]). Note too that if R is a semiperfect ring then R/P is Artinian for every
left primitive ideal P of R . Finally, Roseblade [15, Corollary A] proves that if J = Z or J is a ﬁnite
ﬁeld, G is a polycyclic-by-ﬁnite group and R is the group ring J [G] then R/P is Artinian for every
left primitive ideal P of R . For all these rings we have the following result.
Corollary 2.6. Let R be a ring such that R/P is an Artinian ring for every left primitive ideal P of R. Then the
following statements are equivalent for a submodule N of an R-module M.
(i) N is a P-pure submodule of M.
(ii) For every simple R-module U , every homomorphism ϕ : N → U can be lifted to M.
(iii) For every homogeneous semisimple R-module X, every homomorphism ϕ : N → X can be lifted to M.
Proof. By Corollary 2.5. 
In particular, Corollary 2.6 shows that if R is a ring such that R/P is Artinian for every left prim-
itive ideal P then every simple R-module is P-pure-injective. Moreover, Corollary 2.6 allows us to
characterize P-pure-injective modules over such rings R . First we prove a lemma.
Lemma 2.7. Let R be a ring such that R/P is an Artinian ring for every left primitive ideal P .
(i) Every direct product of P-pure injective R-modules is P-pure-injective.
(ii) Every direct summand of a P-pure-injective R-module is P-pure-injective.
(iii) For every R-module X there exists a P-pure-injective R-module Y such that X is isomorphic to a P-pure
submodule of Y .
Proof. (i), (ii) Standard.
(iii) Let M denote the collection of all maximal left ideals of R . For each V in M, let FV denote
the set of all non-zero R-module homomorphisms from X to R/V . Let F =⋃V∈MFV . Index the
set F by a set I , so that F is the collection of all non-zero homomorphisms ϕi : X → Ui where, for
each i ∈ I , Ui ∼= R/V for some V in M. Let E denote the injective envelope of X and let Y denote
the direct product E ×∏i∈I Ui . By Corollary 2.6, Ui is P-pure-injective for every i ∈ I and hence,
by (i), Y is P-pure-injective. Deﬁne a mapping θ : X → Y by θ(x) = (x, (ϕi(x))i∈I ) for all x in X .
Clearly θ is an R-monomorphism. Let X ′ = θ(X). If U is any simple R-module and α : X ′ → U any
homomorphism then αθ : X → U is a homomorphism so that αθ = ϕ j for some j ∈ I . In this case
U = U j . Deﬁne a mapping β : Y → U j by β(e, (ui)i∈I ) = u j for all e ∈ E and ui ∈ Ui (i ∈ I). It is easy
to check that β : Y → U is a homomorphism that extends α. Again using Corollary 2.6, we see that
X ′ is a P-pure submodule of Y . 
Theorem 2.8. Let R be a ring such that R/P is Artinian for every left primitive ideal P . Then an R-module X is
P-pure-injective if and only if X is isomorphic to a direct summand of a module Y where Y is a direct product
of simple modules and injective modules.
Proof. The ‘if’ part follows from Lemma 2.7(i) and (ii) since every simple R-module is P-pure-
injective by Corollary 2.6. Conversely suppose X is P-pure-injective. By Lemma 2.7(iii), there exists a
P-pure-injective R-module Y such that X is isomorphic to a P-pure submodule X ′ of Y . But then
the P-pure-injective X ′ which is a P-pure submodule of Y must be a direct summand of Y . 
3. Supplement submodules
There is an important class of submodules of an R-module M which are all P-pure in M for
rings R with the property that R/P is Artinian for every P in P . Recall that if R is any ring, a sub-
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such that M = N + L and L is minimal with respect to this property. It is well known (and easy
to prove) that L is a supplement in M if and only if there exists a submodule N of M such that
M = N + L and N ∩ L is small in L.
Lemma 3.1. Let R be a ring and let S be an ideal of R such that the ring R/S is semiprime Artinian. Let L be a
supplement of an R-module M. Then L/SL is a direct summand of the R-module M/SL.
Proof. There exists a submodule N of M such that M = N + L and N ∩ L is small in L. Note that the
module L/SL is semisimple and hence has zero (Jacobson) radical. It follows that N ∩ L ⊆ SL. Hence
M/SL = [(N + SL)/SL] ⊕ (L/SL). 
Corollary 3.2. Let R be a ring such that R/P is Artinian for every left primitive ideal P of R and let M be any
R-module. Then every supplement in M is a P-pure submodule of M.
Proof. By Lemmas 2.4 and 3.1. 
In certain circumstances the converse of Corollary 3.2 is true. We mention one. First we prove a
simple lemma.
Lemma 3.3. Let S be an ideal of a ring R such that R/S is semiprime Artinian and let L be a P-pure submodule
of an R-module M. Then SL = L ∩ SM.
Proof. It is clearly suﬃcient to prove that if S = A ∩ B for some ideals A and B of R such that
R = A+ B , AL = L∩ AM and BL = L∩ BM then SL = L∩ SM . Now L∩ SM is contained in L∩ AM = AL
and similarly L∩ SM ⊆ BL. Thus L∩ SM ⊆ AL∩ BL. But AL∩ BL = (A+ B)(AL∩ BL) ⊆ ABL+ B AL ⊆ SL.
Thus L ∩ SM ⊆ SL and it follows at once that L ∩ SM = SL. 
Proposition 3.4. Let R be a left perfect ring. Then a submodule L of an R-module M is a supplement in M if
and only if L is a P-pure submodule of M.
Proof. The necessity follows by Corollary 3.2. Conversely, suppose that L is a P-pure submodule
of M . Let S denote the Jacobson radical of R . By Lemma 3.3 L ∩ SM = SL and hence L/SL is a direct
summand of M/SL by Lemma 2.4. Let N be a submodule of M such that M = N + L and N ∩ L = SL.
We always have SL  Rad(L) by for example [1, Proposition 15.18]. Since the ring R is left perfect,
every R-module contains a maximal submodule and so Rad(L) is the largest small submodule of L
by for example [1, Proposition 9.18]. Thus SL is a small submodule of L and hence L is a supplement
in M . 
4. Almost principal ideals
In this section we shall investigate the relationship between the closed submodules and the P-
pure submodules of an R-module.
Let R be a commutative ring with identity. An ideal P of R will be called almost principal provided
there exist elements a,b in P such that (1 − a)P ⊆ Rb. Note that if R is a domain then a maximal
ideal P of R is almost principal if and only if P is invertible (see, for example, [4, Theorem 1.2]).
In particular, every maximal ideal of a Dedekind domain is almost principal (see, for example, [20,
Theorem 10, p. 273]). More generally, let S be a Dedekind domain and let X be a non-zero injective
R-module. Let R denote the trivial extension of X by S , that is R consists of all elements (s, x) with s
in S and x in X with addition and multiplication given by
(s, x) + (s′, x′) = (s + s′, x+ x′)
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(s, x)(s′, x′) = (ss′, sx′ + s′x)
for all s, s′ ∈ S , x, x′ ∈ X . Then R is a commutative ring which is neither semiprime nor Noetherian
but every maximal ideal of R is almost principal.
In this section we shall prove the following result.
Proposition 4.1. Let R be a commutative ring and let K be a submodule of an R-module M. If K is a closed
submodule of M then P K = K ∩ PM for every almost principal maximal ideal P of R. Moreover, the converse
holds in case every essential ideal of R contains a (ﬁnite) product of almost principal maximal ideals.
To prove the result we require the following lemmas.
Lemma 4.2. Let P be a principal maximal ideal of a commutative ring R. Then the R-module R/Pn is uniserial
for every positive integer n.
Proof. Standard. 
Corollary 4.3. Let P be an almost principal maximal ideal of a commutative ring R. Then the R-module R/Pn
is uniserial for every positive integer n.
Proof. Let n be any positive integer. There exist elements a,b in P such that (1−a)P ⊆ Rb. Let x ∈ P .
Then (1 − a)x = rb for some r in R . It follows that x ∈ Rb + P2. Hence P = Rb + P2. By a standard
argument P = Rb + Pn . By passing to the ring R/Pn , Lemma 4.2 gives the required result. 
Lemma 4.4. Let R be a commutative ring which contains an almost principal maximal ideal P . Let K be a
closed submodule of an R-module M. Then P K = K ∩ PM.
Proof. There exist elements a,b in P such that (1 − a)P ⊆ Rb. Note that P K ⊆ K ∩ PM and that
K/P K is a closed submodule of the module M/P K , so that without loss of generality we can suppose
that P K = 0. Suppose that K ∩ PM is non-zero and let x be any non-zero element of K ∩ PM . Then
x = (1−a)x ∈ (1−a)PM ⊆ bM , so that there exists m ∈ M such that x = bm. Now Pbm = Px ⊆ P K = 0.
It follows that P2(1 − a)m = 0. By Corollary 4.3, the R-module R(1 − a)m is uniserial and hence the
non-zero submodule Rx = R(1 − a)x is essential in R(1 − a)m. Because P K = 0, the module K is
semisimple and hence K = Rx ⊕ L, for some submodule L of K . But this implies that K is essential
in the submodule R(1− a)m ⊕ L of M so that (1− a)m ∈ K . Now x = (1− a)x = (1− a)bm ∈ P K = 0,
a contradiction. Thus K ∩ PM = 0, as required. 
Lemma 4.5. Let R be a ring such that every essential ideal contains a product of almost principal maximal
ideals and let K be a submodule of an R-module M such that P K = K ∩ PM for every almost principal
maximal ideal P of R. Then K is a closed submodule of M.
Proof. By Zorn’s Lemma there exists a submodule N of M containing K such that K is an essential
submodule of N and N is a closed submodule of M . Let x ∈ N . We shall show that x ∈ K . There
exists an essential ideal Q of R such that Q x ⊆ K . By hypothesis Q contains a product of almost
principal maximal ideals and hence we can suppose without loss of generality that Q is an almost
principal maximal ideal of R . By Lemma 4.4, Q N = N ∩ Q M and by hypothesis Q K = K ∩ Q M so that
Q K = K ∩ Q M = K ∩ N ∩ Q M = K ∩ Q N . There exist elements a,b in Q such that (1 − a)Q ⊆ Rb.
Now bx ∈ K ∩ Q N = Q K so that (1−a)bx ∈ bK . There exists u ∈ K such that (1−a)bx = bu and hence
b[(1− a)x− u] = 0. This implies that Q (1− a)[(1− a)x− u] = 0 and hence the element (1− a)[(1−
a)x− u] belongs to the socle of N . But K is essential in N , so that (1− a)[(1− a)x− u] ∈ K . It follows
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submodule of M . 
Combining Lemmas 4.4 and 4.5 it gives Proposition 4.1. Note that Proposition 4.1 has the following
immediate consequence.
Corollary 4.6. Let R be a Dedekind domain. Then a submodule K of an R-module M is closed in M if and only
if K is a P-pure submodule of M.
Note that if S is a Dedekind domain and X is any non-zero injective S-module then the trivial
extension R of X by S is a ring such that every maximal ideal is locally principal. However, if A is
the ideal of R consisting of all elements (0, x) for x in X then A is an essential ideal of R such that
P A = A∩ P R for every maximal ideal P of R . Note further that the ideal A does not contain a product
of maximal ideals of R .
Let R be any ring. An R-module X is called c-injective provided, for every R-module M , every
homomorphism ϕ : K → X from any closed submodule K of M to X can be lifted to M . In [17] it is
proved that if R is a Dedekind domain then every direct product of simple R-modules is c-injective.
We aim next to characterize all c-injective modules over Dedekind domains. First note the following
result.
Lemma 4.7. Let R be a Dedekind domain. Then the following statements are equivalent for an R-module X.
(i) X is c-injective.
(ii) X is P-pure-injective.
(iii) X is isomorphic to a direct summand of a direct product of simple R-modules and injective R-modules.
Proof. (i) ⇔ (ii). By Corollary 4.6.
(ii) ⇔ (iii). By Theorem 2.8. 
Let R be a ring. A submodule K of a (left) R-module M is called pure provided for every (ﬁnitely
presented) right R-module U , the induced homomorphism U ⊗R K → U ⊗R M of Abelian groups is a
monomorphism. When R is a Dedekind domain (more generally a Prüfer domain), a submodule K of
an R-module M is pure if and only if K ∩aM = aK for all a ∈ R . An R-module X is called pure-injective
if for every R-module M and every pure submodule K of M , every homomorphism ϕ : K → X lifts
to M . Note the following result.
Lemma 4.8. Let R be a Dedekind domain and let X be any R-module such that aX = 0 for some 0 	= a ∈ R.
Then X is pure-injective.
Proof. By Lemma 2.1 and [10, Theorem 5]. 
Let R be a Dedekind domain and let X be a c-injective R-module. By Lemma 4.7 there exists
an R-module Y such that Y is a direct product of simple modules and injective modules and X is
isomorphic to a direct summand of Y . Note that if M j ( j ∈ J ) are R-modules such that PM j = 0
( j ∈ J ) then P∏ j∈ J M j = 0. It follows that Y = Y0 ⊕ (
∏
i∈I Y i) is a direct product of an injective sub-
module Y0 and homogeneous semisimple R-modules Yi (i ∈ I) such that PiYi = 0 for some maximal
ideal Pi of R for each i ∈ I and Pi 	= P j for all i 	= j in I . By [10, Theorem 8], X = X0 ⊕ X ′ for some
injective submodule X0 and some submodule X ′ which is isomorphic to a direct summand of
∏
i∈I Y i .
Let Y ′ =∏i∈I Y i . Without loss of generality we can suppose that X ′ ⊆ Y ′ . Note that Y ′ is a reduced
R-module (i.e. Y ′ does not contain any non-zero injective submodule). For each i ∈ I , Lemma 4.8
gives that Yi is pure-injective and hence Y ′ and X ′ are also pure-injective. By [6, Proposition XIII.4.5]
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tion Π of maximal ideals of R where AP is a module over the localization RP of R at the maximal
ideal P for each P ∈ Π .
Let P ∈ Π . Suppose that P 	= Pi for all i ∈ I . Let i ∈ I and let c ∈ Pi\P . Then AP = cAP so that




j 	=i Y j] and therefore in this case AP = 0. Thus if AP 	= 0
then P = Pi for some i ∈ I , AP ⊆ Yi and hence P AP = 0. We have proved that P AP = 0 for all P ∈ Π .
Thus we have the following generalization of [8, Lemma 4].
Theorem 4.9. Let R be a Dedekind domain. Then an R-module X is c-injective if and only if X is a direct
product of homogeneous semisimple modules and injective modules.
5. More on Dedekind domains
We shall show in this section that Theorem 4.9 does not extend to commutative Noetherian do-
mains which are not Dedekind. In fact we prove that if R is a commutative Noetherian domain and
P a maximal ideal of R then the simple R-module R/P is c-injective if and only if the ideal P is
invertible. In particular, note that invertible prime ideals of R have height 1 so that for many com-
mutative Noetherian rings R no simple R-module is c-injective.
Lemma 5.1. Let R be a commutative Noetherian local ring with unique maximal ideal P and let M be the free
R-module R ⊕ R. Then a submodule K of M is a direct summand of M if and only if P K = K ∩ PM.
Proof. The necessity is clear. Conversely, suppose that P K = K ∩ PM . Suppose that K ⊆ PM . Then
K = P K so that K = 0 by Nakayama’s Lemma. Suppose that K  PM = P ⊕ P . Without loss of gen-
erality, (1,a) ∈ K for some a ∈ R . Then M = R(1,a) ⊕ (0 ⊕ R) so that K = R(1,a) ⊕ L where L is the
submodule K ∩ (0 ⊕ R) of the direct summand 0 ⊕ R . Since L is a direct summand of K it follows
that P L = L ∩ PM . Clearly it is suﬃcient to prove that L is a direct summand of H = 0 ⊕ R . But
P L = L ∩ P H and hence L = 0 or L = H . Thus L is a direct summand of H , as required. 
Corollary 5.2. Let R be a commutative Noetherian local domain with unique maximal ideal P and let M be
the R-module R ⊕ R. Suppose that P K = K ∩ PM for every closed submodule K of M. Then R is a discrete
valuation ring.
Proof. By Lemma 5.1 the R-module M is an extending module. Then [3, Corollary 12.10] gives that
R is a Prüfer domain and hence a Dedekind domain. Because R is local, the ring R is a DVR. 
Now let R be a commutative Noetherian domain and let M be the free R-module R ⊕ R . Let P be
a maximal ideal of R . Suppose further that
P K = K ∩ PM
for every closed submodule K of M . Form the commutative Noetherian local domain RP and the
RP -module M ′ = MP . Let K ′ be any closed submodule of M ′ . Note that M is isomorphic to the R-
submodule M∗ = {m/1: m ∈ M} of MP . Because M ′ is a torsion-free RP -module, the factor module
M ′/K ′ is torsion-free. If K ∗ = {x/1: x ∈ K ′} then M∗/K ∗ is a torsion-free R-module so that K ∗ is
a closed submodule of M∗ . By our above assumption, P K ∗ = K ∗ ∩ PM∗ and it easily follows that
RP P K ′ = K ′ ∩ RP PM ′ . By Corollary 5.2 the ring RP is a DVR. In particular, there exists an element
a ∈ P such that RP P = RPa. It is now easy to show that there exists b ∈ P such that (1 − b)P ⊆ Ra.
Thus P is almost principal. But R is a domain and hence P is an invertible ideal of R by [4, Theo-
rem 1.2 and Lemma 3.6]. We have proved the following result.
Lemma 5.3. Let R be a commutative Noetherian domain, let P be a maximal ideal of R and let M be the free
R-module R ⊕ R. Suppose that P K = K ∩ PM for every closed submodule K of M. Then P is an invertible
ideal of R.
556 E. Mermut et al. / Journal of Algebra 321 (2009) 548–557This brings us to the main result of this section.
Theorem5.4. Let R be a commutative Noetherian domain and let P be amaximal ideal of R. Then the following
statements are equivalent.
(i) The module R/P is c-injective.
(ii) The module R/P is c-M-injective, where M is the free R-module R ⊕ R.
(iii) P is an invertible ideal.
Proof. (i) ⇒ (ii). Clear.
(ii) ⇒ (iii). By Lemmas 2.4 and 5.3.
(iii) ⇒ (i). By Lemmas 4.4 and 2.4. 
Corollary 5.5. A commutative Noetherian domain R is Dedekind if and only if every simple R-module is c-
injective.
Proof. By Theorem 5.4 and [20, Theorem 12, p. 275]. 
Let R denote the polynomial ring in indeterminates x and y over a ﬁeld. Then R is a commutative
Noetherian domain and no maximal ideal of R is invertible. Does this mean that every c-injective
module is injective? We do not know the answer to this question.
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